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We study charged-fluid toroidal structures surrounding a non-rotating charged black hole im-
mersed in a large-scale, asymptotically uniform magnetic field. In continuation of our former study
on electrically charged matter in approximation of zero conductivity, we demonstrate existence of
orbiting structures in permanent rigid rotation in the equatorial plane, and charged clouds hovering
near the symmetry axis. We constrain the range of parameters that allow stable configurations
and derive the geometrical shape of equi-pressure surfaces. Our simplified analytical study suggests
that these regions of stability may be relevant for trapping electrically charged particles and dust
grains in some areas of the black hole magnetosphere, being thus important in some astrophysical
situations.
I. INTRODUCTION
Equilibrium configurations of perfect fluid play an im-
portant role in studies of geometrically thick accretion
discs around compact objects and black holes in astro-
physics [1–10]. Physical properties of the system are de-
termined by an interplay of different factors which define
the form of the fluid flow; they are, in particular, the
gravitational and electromagnetic action of the central
body and of the ambient fields. Effects of general rel-
ativity are particularly important and visible near hori-
zon of a black hole or neutron star, nevertheless, even a
mildly charged matter is strongly influenced by external
magnetic fields to which the black hole may be embedded
[11–16].
Astrophysical fluids can be embedded in different con-
ditions, and so they correspondingly exhibit vastly dif-
ferent behavior. Cosmic plasma is often fully ionized,
in which case it is described by perfect (infinitely large)
conductivity. On the other hand, in a cold environment
(e.g. ‘dead zone’ of accretion discs), the dusty medium
with imperfect (low) electrical conductivity exists.
Electric charges can develop by several mechanisms,
namely, irradiation of dust grains from the central source
[17], charge exchange within complex plasmas [18, 19],
and charge separation by the organised magnetic field
[20–22]. Large-scale organised magnetic fields occur, for
example, in the vicinity of magnetic stars, pulsars and
magnetars, where the surface magnitude of the magnetic
induction are dominated by the dipole-type structure and
can reach extreme values higher than ' 1015 G [23].
Although the effects of imperfect (finite) conductivity
as well as electric charge separation must occur to certain
extent in realistic astrophysical environments, these are
complications that make the problem intractable to an-
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alytical calculations. Here we want to address this kind
of issues within the frame of idealised (toy-model) ap-
proach, which allows us to investigate some fundamental
aspects of the problem. Among the main approximations
adopted in this paper, we assume non-gravitating (test)
fluid immersed in the gravitational field of a static black
hole and the uniform magnetic field generated by a dis-
tant source; ‘test’ components do not contribute to the
spacetime metric. Also, the electromagnetic field gen-
erated by the fluid is neglected. We consider organized
rotational motion of the fluid and neglect effects of tur-
bulence. We also set conductivity of the medium to zero,
so that charges adher to the circling matter and are car-
ried convectively. Such kind of simplification could be
relevant for the hyperdense accretion tori created in the
final stages of coalescence of binary systems of neutron
star forming a central black hole and accretion torus [24].
In our recent paper [25], we proceeded by using a
number of additional simplifications that allowed us to
clearly illustrate the model. Namely, we assumed the
gravitational and electromagnetic fields combined within
the Reissner-Nordstrøm solution of the Einstein-Maxwell
equations [26]. For the fluid we assumed the polytropic
equation of state fitting for analytical calculations, con-
stant profile of the specific angular-momentum through-
out the torus, and constant specific charge everywhere in
the equatorial plane. Thanks to these simplifications, we
were able to formulate and solve a non-trivial, theoreti-
cally reasonable system in an analytical framework.
The presence of electric charge of the Reissner-
Nordstrøm black hole makes this solution unlikely from
the astrophysical point of view because its global charge
is thought to be quickly neutralized by selective accre-
tion of opposite charges from the surrounding medium
although a small value of a net equilibrium charge is ex-
pected. On the other hand, large-scale magnetic fields do
exist in the Universe, both on stellar and galactic scales,
and cosmic black holes must interact with them. Hence,
it is relevant to discuss our problem in the context of
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2magnetized black holes. To avoid tedious calculations,
we start with the weak-field solution of asymptotically
homogeneous magnetic field [27]. We adopt the poly-
tropic equation of state as in the previous work, however,
we allow for a general value of the polytropic exponent
[28]. Furthermore, we set the constant angular velocity
throughout the torus (rigid rotation) that could be rel-
evant for slender tori or hyperdense tori. We find it in-
teresting that the above-mentioned restrictions lead to a
solution (which we give in an analytical form), even if as-
trophysically realistic tori will very likely establish some
kind of a more complicated distribution of the velocity
field and the corresponding angular momentum. Apart
from the stable solution of toroidal shape located near the
equatorial plane, we have found also possible existence of
spheroidal clouds located along the polar axis. Clearly,
the location of the tori and clouds depends on the spe-
cific charge of the fluid, charge of the black hole and the
strength of the magnetic field of the external origin. Both
the kinds of structure are astrophysically relevant. The
equatorial tori can represent accretion discs, whereas the
polar clouds can scatter and polarize light on the axis, as
reported on in some objects [29, 30].
Throughout the paper, we use the geometrical system
of units for quantities denoted by a bar, x¯. These become
dimensionless x when scaled by the the mass of central
black hole. For the direct interpretation, we express our
results also in physical (SI) units, denoted as xˆ.
II. CHARGED STRUCTURES IN WALD FIELD
We built our model of an electrically charged perfect
fluid torus in an axially symmetric spacetime endowed
with an electromagnetic field of the same symmetry. In
the spherical polar coordinates (t, φ, r, θ), the considered
background is described by an axially symmetric metric
tensor gαβ and by an electromagnetic field tensor Fαβ =
∇αAβ −∇βAα, where, due to the symmetry, the vector
potential has the form Aα = (At, Aφ, 0, 0). To this end,
we adopt here the approximation of electromagnetic test
field in the curved spacetime of a black hole.
A. Pressure equations
As the main assumption of the model, the perfect fluid
is characterized by its rotation in the φ-direction only,
with the 4-velocity Uα = (U t, Uφ, 0, 0), specific angular
momentum ` = −Uφ/Ut and angular velocity (with re-
spect to distant observers) ω = Uφ/U t, related by the
formulae
ω = − `gtt + gtφ
`gtφ + gφφ
, (1)
(Ut)
2 =
g2tφ − gttgφφ
`2gtt + 2`gtφ + gφφ
. (2)
The shape of the rotating charged fluid with a charge
density profile q and energy density  is determined by
isobaric surfaces of the isotropic pressure p profile (equi-
pressure surfaces), which can be determined from two
partial differential equations
∂rp = −(p+ )R1 + qR2 ≡ R0,
∂θp = −(p+ )T1 + qT2 ≡ T0, (3)
where R0 = R0(r, θ) and T0 = T0(r, θ) denote the right
hand sides of these equations, and
R1 = ∂r ln |Ut| − ω∂r`
1− ω` , (4)
R2 = U t∂rAt + Uφ∂rAφ, (5)
T1 = ∂θ ln |Ut| − ω∂θ`
1− ω` , (6)
T2 = U t∂θAt + Uφ∂θAφ. (7)
These pressure equations follow from the conservation
laws and Maxwells equations and we describe their
derivation in details in Appendix.
Besides the pressure p and energy density , the other
fluid variable considered here is the rest-mass density
ρ. The thermodynamical description of the fluid is then
specified by choosing an appropriate equation of state
p = p(, q), which also involves the charge density of the
fluid, describing the contribution of the Coulomb inter-
action between the fluid particles to the total pressure.
B. Equation of state and angular momentum
The pressure and density profiles designating shapes
of the tori can be determined from the model, providing
either the specific angular momentum or charge density
through the torus are specified. An equation of state
must be also fixed in order to close the set of equations.
In general, the pressure equations (3) are not inte-
grable. In addition, the integrability condition
∂θR0 + T0∂pR0 = ∂rT0 +R0∂pT0 (8)
must be also satisfied. The existence of a solution of
equations (3) here is guaranteed for zero charged density
q = 0 when the last terms in equations (3) vanish and we
get the Euler equation describing a rotating uncharged
perfect fluid (see, e.g., papers [2, 3]). In our case when
q 6= 0, the situation is more complicated and equations
(3) are no longer integrable for arbitrary q = q(r, θ) and
arbitrarily chosen ` = `(r, θ). Thus, it is necessary either
to specify ` = `(r, θ) (with even ` = const being possible)
and find an appropriate q = q(r, θ), which is consistent
with that or, vice versa, to specify q = q(r, θ) (with even
q = const being possible) and find an appropriate ` =
`(r, θ). This is, however, strictly ‘necessary’ only if the
equation of state is prescribed. Otherwise, one could also
absorb the constraint into the equation of state.
3The charged tori must clearly have distributions of
charge and angular momentum satisfying the integrabil-
ity condition. In this paper, we assume unique configura-
tion represented by the rigidly rotating matter ω = const
throughout the torus. This conception supports the idea
of the fluid having bulk hydrodynamic motion with no
friction, predominating over the electromagnetic effects,
which the fluid with almost infinite electric resistivity
must follow. The corresponding specific charge distribu-
tion is then determined from the integrability condition.
For an uncharged perfect fluid, the polytropic relation
p = κρΓ, (9)
with κ and Γ being a polytropic coefficient and expo-
nent, is very often chosen as the equation of state. This
is widely-used simple relation, which embodies conserva-
tion of entropy, appropriate for a perfect fluid. However,
assuming high values of κ and high temperatures of the
fluid, when the electrostatic corrections to the equation
of state become negligible, we can use this polytropic
equation of state consistently even in our charged case.
Moreover, we choose values of ρ sufficiently low so that
the medium is non-relativistic and the contribution of the
specific internal energy /ρ−1 to the total energy density
is then negligible, i.e.,  ≈ ρ. As it is shown below, this
approximation is consistent also with the assumption of
negligible self-electromagnetic field.
C. Pressure equations transformation
Having chosen the polytropic equation of state and
fixed specific angular momentum due to the ω = const
distribution, it is possible to determine the charge den-
sity distribution from the integrability condition (8) and
to calculate the final pressure profile from pressure equa-
tions (3). In general, in dependence on the chosen com-
pact object background, and parameters of the matter,
it might be a difficult task, providing us with a numeri-
cal solution only. Alternatively, it is more convenient to
assume an equivalent set of differential equations for the
density ρ, related to the pressure through the equation of
state; the charge density distribution can be also written
in the natural form q = ρqs, where qs = qs(r, θ) is now
an unknown function to be determined from the inte-
grability condition, corresponding to the specific charge
distribution. We applied this approach in the Reissner-
Nordstrøm case in the paper [25], being motivated by
the simplification of the obtained non-linear differential
equations in the chosen specific case of polytropic expo-
nent Γ = 2.
Here, to get the analytical expression of final pressure
profiles for a general polytropic exponent, we introduce
a transformation, allowing us to work with linear differ-
ential equations instead of the non-linear pressure ones
(3). At first, it is convenient to define the function
K =
q
ρ+ p
, (10)
which implies the set of equations
∂rp = −(p+ ρ)R,
∂θp = −(p+ ρ)T , (11)
where R = R1 −KR2 and T = T1 −KT2. Introducing
the auxiliary function
h = ln(1 + κρΓ−1) = ln
(
1 +
p
ρ
)
, (12)
we get the set of linear equations
∂rh = −Γ− 1
Γ
R,
∂θh = −Γ− 1
Γ
T , (13)
whereas the integrability condition for them reads
∂θR = ∂rT . (14)
The function K is addressed as the ‘correction’ function,
ensuring the integrability of the equations (13) and de-
termining the specific charge distribution.
D. Gravity and electromagnetic test-field solution
We consider our tori rotating close to a static charged
black hole immersed in an asymptotically homogeneous
magnetic field (see Fig. 1). Such a setting can be de-
scribed by the special case (zero rotational parameter) of
Wald’s test-field solution of Einstein-Maxwell equations
[27], which in dimensionless units reads
At = −Q
r
, Aφ =
1
2 Br
2 sin2 θ, (15)
describing the electromagnetic field in the background of
Schwarzschild geometry
ds2 = −
(
1− 2
r
)
dt2 +
(
1− 2
r
)−1
dr2 (16)
+r2(dθ2 + sin2 θdφ2).
Note that the parameters Q and B are only test-field pa-
rameters and do not influence the spacetime geometry.
The parameter Q represents the dimensionless charge re-
lated to the black hole and the t-component of the vector
potential can be thus identified with the component of
the vector potential of the Reisnerr-Nordstrøm solution
[26]. The parameter B corresponds to the dimensionless
strength of the uniform magnetic field, as it can be easily
checked from the asymptotic behavior of the φ compo-
nent of the vector potential. For completeness, we can
mention that the full Wald’s test field solution describes
the homogeneous magnetic field in the background of not
the only static Schwarzschild black hole, but the rotating
Kerr black hole.
4Let us note that a generalization of the adopted ap-
proach to the case of a rotating (Kerr) black hole is
straightforward in principle, but it would technically be
very tedious because of the metric coefficient gtφ govern-
ing the frame dragging.
E. Correction function
In the assumed Schwarzschild-Wald background, the
integrability condition (14) implies a partial differential
equation of the first order for the correction function. Its
analytical solution has the form
K =
√
P Ci(r, θ;Q,B, ω), (17)
where
P = 1− 2
r
− r2ω2 sin2 θ. (18)
The function Ci(r, θ;Q,B, ω) is a generic function from
the class of equivalent functions
C1 = C1
[
2Q
r
−Br2ω sin2 θ
]
, (19)
C2 = C2
[
2
r
− B
Q
r2ω sin2 θ
]
, (20)
C3 = C3
[
2Q
Br
− r2ω sin2 θ
]
, (21)
C4 = C4
[
2Q
Bωr
− r2 sin2 θ
]
, (22)
etc. (23)
which must be chosen to specify the full solution for the
correction function. Actually, it is the way how to specify
the specific charge distribution in our approach. In two
limiting cases (Q = 0, B 6= 0) and (B = 0, Q 6= 0),
we get the two generic functions CB = CB[r sin θ] and
CQ = CQ[r], respectively, as it is obvious from, e.g., the
generic function form (19).
F. Equatorial tori and polar clouds existence
In this work, we are interested in the existence of the
rigidly rotating tori centered in the equatorial plane and
also in the structures centered on the axis of symmetry
referred to as polar clouds (see figure 1). As stated above,
the shape of tori (clouds) is well determined by the equi-
pressure (p = const) or equivalently by equi-density (ρ =
const) surfaces and, as we can now see from relation (12),
also by the surfaces of constant values of the function
h = const; the boundary of the torus corresponds to the
zero-surface of h and consequently to the zero-surfaces of
p and ρ .
Having the pressure equations (3) or the alternative
equations (11) or (13) available, we can, however, inves-
tigate the tori existence even without their final solution.
FIG. 1: Illustration of black hole with mass M and charge
Q immersed in asymptotically homogeneous magnetic field ~B
encircled by a torus-like equatorial configuration and a polar
cloud.
We denote the center of the torus (rc, θc) as the point
where the function h (pressure, density) takes its maxi-
mal value, i.e., where the necessary conditions
∂rh|(r=rc,θ=θc) = 0, ∂θh|(r=rc,θ=θc) = 0 (24)
or equivalently R(r=rc,θ=θc) = 0 and T(r=rc,θ=θc) = 0
are satisfied. These conditions, however, are only the
necessary conditions for an existence of local extrema. To
verify the real existence of the tori, we have to construct
the Hessian matrix
H =
(
∂2rrh ∂
2
rθh
∂2θrh ∂
2
θθh
)
, (25)
whereas in the loci of maxima, two conditions
∂2rrh|(r=rc,θ=θc) < 0, detH|(r=rc,θ=θc) > 0 (26)
must be satisfied. Because of the background and tori
symmetry, the mixed partial derivatives in the equato-
rial plane and on the axis of symmetry vanish and the
conditions for maxima reduce to
∂2rrh|(r=rc,θ=θc) < 0, ∂2θθh|(r=rc,θ=θc) < 0. (27)
Finally, we have to realize that the correction function
(17) limits the existence of the tori center only to the
region where
rc − 2− r3cω2 sin2 θc > 0. (28)
Being interested in the existence of the toroidal struc-
tures, we first consider the two limiting cases (Q = 0,
B 6= 0) and (B = 0, Q 6= 0) separately, then we consider
the general situation (Q 6= 0, B 6= 0).
In the Q = 0 case, the first of necessary conditions (24)
implies the stationary (possible maxima) points satisfy-
ing the relation
B =
1− ω2r3c sin2 θc
r2c sin
2 θcωCB(rc − 2− ω2r3c sin2 θc)
, (29)
5whereas the second one is automatically satisfied for θc =
0 and θc = pi/2. In the case of polar clouds, where θc =
0, the first sufficient condition (27) implies rc < 3/4,
thus there are no polar clouds possible in this special
case, since we are restricted to the stationary part of the
spacetime (r > 2) above the black hole horizon only. On
the other hand, the equatorial tori, where θc = pi/2, can
exist. The second sufficient condition (27) reads rc− 2−
r3cω
2 > 0, and can be easily satisfied for sufficiently low
values of ω. The first sufficient condition implies
(3rc − 4− 7r3cω2 + 2r6cω4)
rc(rc − 2− r3cω2)
< (r3cω
2 − 1)∂rC
pi/2
B
Cpi/2B
, (30)
which can be also satisfied for conveniently chosen pro-
file of the generic function Cpi/2B [r] = CB|θ=pi/2, being the
function of r in the equatorial plane only.
In the B = 0 case, as it follows from the first of neces-
sary conditions (24), the stationary points can be deter-
mined from relation
Q =
√
rc(1− ω2r3c sin θc)√
2CQ(rc − 2− ω2r3c sin2 θc)
; (31)
the second from the conditions (24) here is also automat-
ically satisfied for θc = 0 and θc = pi/2. In the case of
θc = 0, the first sufficient condition (27) implies rc < 2,
thus there are no polar clouds possible in this special case
either. The equatorial tori with θc = pi/2 can exist here,
as well as in the previous Q = 0 case. The second suffi-
cient condition (27) reads rc − 2− r3cω2 > 0, and can be
met for sufficiently low values of ω. The first sufficient
condition implies
2 + rc + r
3
c (5rc − 19)ω2 − r6cω4
2rc(rc − 2− r3cω2)
< (r3cω
2 − 1)∂rC
pi/2
Q
Cpi/2Q
,(32)
which can be also fulfilled for conveniently chosen profile
of the generic function Cpi/2Q [r] = CQ[r].
The existence of equatorial tori has been proved in
both the above mentioned special cases. But we are still
interested in the existence of the polar clouds. As we
show further, such structures can exist when the influence
of the ambient magnetic field is properly combined with
the influence of the electric charge of the black hole. We
understand that the presence of electrically charged black
holes is astrophysically highly theoretical, but admissible
due to the influence of the external magnetic field [27].
From the theoretical point of view, however, this is very
interesting case. Choosing the generic function in the
form C2 (see relation (20)), on the axis of symmetry (θ =
0), the correction function reduces to
K0 =
√
1− u C02(u), (33)
where u = 2/r and C02(u) = C2|θ=0. The first of necessary
conditions (24) restricts the stationary points on the axis
of symmetry to the loci where
Q =
rc
C02(rc − 2)
; (34)
the sufficient conditions (27) imply for the stationary
points along symmetry axis the conditions
(rc − 2)∂uC02
rC02
> 1, (35)
− rcω
2
rc − 2 > BωC
0
2 , (36)
which can be satisfied for conveniently chosen profile of
the generic function C2. Thus, the polar clouds really can
exist in the general case (Q 6= 0, B 6= 0).
G. Solution - characteristics profiles
Adopting the polytropic equation of state (9), the pres-
sure profiles p(r, θ) of the tori can be simply obtained
through the h-function (12) solution. This is determined
by the set of differential equations (13) and subject to
the proper choice of the generic function Ci. Here, we
present two different kinds of the pressure profiles. The
first one allows for the existence of the equatorial torus
being determined by the solution
h+ =
Γ− 1
Γ
H+ + h+0 (37)
H+ =
k0
4Q
r − 2Br2ω sin2 θ
− 1
2
ln (2P), (38)
corresponding to the chosen generic function
C+ = k0
(
2Q
r
−Br2ω sin2 θ
)−2
, (39)
with h+0 and k0 being constants which have to be fur-
ther specified. The other one embodies the polar clouds.
These are determined by the solution
h∗ =
Γ− 1
Γ
H∗ + h∗0 (40)
H∗ = −k0(
2Q
r −Br2ω sin2 θ)2
4Q
− 1
2
ln (2P), (41)
corresponding to the chosen generic function
C∗ = k0
(
2
r
− Br
2ω sin2 θ
Q
)
, (42)
with the constant of integration h∗0.
Dropping now the symbols + and ∗, the corresponding
density, pressure and specific charge profiles are deter-
mined through the relations
ρ =
(
eh − 1
κ
) 1
Γ−1
, (43)
p = κρΓ, (44)
qs = K
(
1 +
p
ρ
)
= Keh (45)
6in both the cases. Total charges of the structures are
determined by the common relativistic volume integral
Q =
∫
V
qdV = 4pi
∫ rout
rin
∫ pi
2
θρ0
qsρ
√−g dθ dr, (46)
where θρ0 is the function determining zero density surface
given numerically from the equation ρ = 0, rin and rout
are positions of the inner and outer edges of the struc-
tures, and g = −r4 sin2 θ is the determinant of the metric
tensor according to equation (16)
For the sake of completeness, we can be interested in
the estimation of the central temperature of the torus
and the strength of the magnetic field generated by the
tori. To find an order of magnitude for the temperature
τ , we can assume that in the first approximation the
pressure is of thermal nature (electrostatic corrections
and radiation pressure are neglected). Then, in physical
units, pˆ ≈ ρˆkˆBτˆ /mˆu, where kˆB is the Boltzmann constant
and mˆu the atomic mass unit. Assuming the polytropic
equation of state pˆ = κˆρˆΓ, we get
τˆ ≈ mˆupˆ
kˆBρˆ
=
mˆu
kˆB
κˆρˆΓ−1 =
mˆu
kˆB
cˆ2(eh − 1), (47)
where cˆ is the speed of light.
To become familiar with the final solutions for the pres-
sure (density, charge density) profiles (44) - (45), and to
clearly describe their dependencies on the many param-
eters being involved, we assume the polytropic exponent
Γ = 5/3 being fixed (in general varying as 1 < Γ < 2),
i.e., not entering the following dependencies discussion.
As we can see from relations (44) - (47), all the tori char-
acteristics are fully determined through the auxiliary h-
function and the polytropic coefficient κ. Note that the
correction function K is not a free parameter here; it has
been fixed through the generic function C, given by the
integrability condition (14), and uniquely determines the
solutions (37) and (40).
The h-function directly depends on the electromag-
netic background parameters B and Q, torus rotation ω,
matter charge parameter k0 and on the integration con-
stant h0. For simplicity, these parameters are referred to
as the h-parameters. As we can see from relations (44)-
(45), reshaping the profiles of h-function through these
parameters directly determines the space characteristics
of the torus. In more details, through the h-parameters,
we can set the h-zero surface (zero-density surface) cor-
responding to the surface of the torus, determining the
volume (size) of the torus, its edges, etc. Looking at the
form of the solution (37) or (40), we can clearly see that
the position of the torus center (determined by the equa-
tions ∂rh = 0, ∂θh = 0) is specified through the electro-
magnetic parameters B, Q, k0 and rotational parameter
ω only. Reshaping the profiles of the h-function through
the h-parameters also directly determines the pressure,
density, charge density, specific charge and temperature
profiles, and the total charge as well.
As for the polytropic coefficient κ, contrary to the h-
parameters, it does not influence the space characteristics
of the torus at all. It also does not influence the spe-
cific charge and temperature distribution throughout the
torus. From the mentioned characteristics, it only modi-
fies pressure, density and charge density profiles, and the
total charge.
For comparison with the ambient dominant magnetic
field, we can estimate the strength of the magnetic field
generated by the rotating torus close to its, e.g., outer
edge. Assuming the equatorial torus, resembling the
mathematical regular torus of its cross section radius
(rout − rin)/2, shrinking it to the infinitely thin ring at
r = rc, we estimate the magnetic field strength as
Bˆ ≈ µˆ0Iˆ
2pi(rˆout − rˆc) , (48)
in the distance rout from this center, with µˆ0 being the
vacuum permeability and Iˆ = Qˆωˆ/(2pi) the total current
through the torus. More detailed discussion of the self-
magnetic fields can be found, e.g., in paper [16]
III. EQUATORIAL TORI AND POLAR CLOUDS
CONSTRUCTION
Constructing the tori in the considered background of
the Schwarzschild-Wald field, we can start with determi-
nation of the torus center rc, specified through the pa-
rameters B, Q, k0 and ω. Although this work is intended
theoretically, it is illustrative to chose these parameters
within ranges of astrophysically realistic situation. We
should note that in our study the presence of the mag-
netic field B and the black hole charge Q plays crucial
role for the existence of the charged tori, since the elec-
tromagnetic interaction with the charged tori must be
strong enough to compete with the gravity. Moreover,
because of the assumption of the very weak self-field of
the rotating torus, we have to be aware of high values of
the specific charge throughout the tori and must choose
maximal possible astrophysical values for B and Q. Oth-
erwise, weak ambient electromagnetic field would require
the tori with high specific charges, to preserve the strong
interaction. Then, the tori would have to be very small
or very diluted, in order to generate weak self-field.
The galactic, nearly homogeneous, magnetic fields do
not reach the required values, being weak as Bˆ . 10−4 T.
They imply very high specific charges throughout the
constructed tori, which is contrary to the assumption
of negligible magnetic self-field generated by the rotat-
ing torus. Then, both the interacting external an self-
electromagnetic fields have to be considered [31–33]. An-
other scenario having almost homogeneous magnetic field
can be, however, related to a black hole of stellar mass
Mˆ being a part of a binary system with a magnetar of
mass Mˆ ′ equipped with a dipole type magnetic field of
strength up to Bˆ . 1012 T on its surface, the strongest
7FIG. 2: Illustration of binary system of a magnetized star with mass M ′ and a black hole with mass M and charge Q orbiting
around a common center of mass in distances d′ and d. The dipole-type magnetic field ~B of a magnetized star appears to be
almost uniform in close vicinity of a distant black-hole companion, which is encircled by a torus-like equatorial configuration
and a polar cloud.
magnetic field estimated to exist. While Fig. 1 illustrated
the idealized system of a magnetized black hole, Fig. 2
provides a broader view of how such a system could form.
Relatively far away from the magnetar, the field can be
sufficiently well liken to homogeneous magnetic field for
latitudes close to the equatorial plane. This assumption
must be well met for the distance (dˆ + dˆ′) & 103 km far
from the magnetar, where dˆ and dˆ′ are the distances of
the black hole and magnetar from their barycentrum.
A. Exemplary equatorial torus and polar cloud
Adopting the common dipole magnetic field strength
dependence ∼ (dˆ + dˆ′)−3 and assuming the realistic ra-
dius of the magnetar to be ≈ 10 km, we get the possible
magnetic field strength Bˆ . 106T. In our consideration,
we assume, for simplicity Mˆ = Mˆ
.
= 1.99 × 1030 kg,
which gives, in dimensionless units the limit B . 10−10.
1. Center position
For an illustration of the situation in the case of equa-
torial torus (see left part of Fig. 3), we choose the center
of the torus relatively close to the black hole at the radius
rc = 8. According to the condition R(r = rc, θ = pi/2) =
0, rewritten in the form
k0 =
(Br3cω − 2Q)2(1− r3cω2)
rc(Br3cω +Q)(rc − 2− r3cω2)
, (49)
we get the magnetic field strength close to the mentioned
limit B ≈ 10−10, for the black hole charge Q = −10−11
(corresponding to Q¯ = QM¯
.
= −1.48 × 10−8 m and to
Qˆ = Q¯cˆ2(4piˆ0)
1/2Gˆ−1/2 .= −1.71×109 C), for k0 = 10−11
and for the angular velocity ω = 1/100 (correspond-
ing to ω¯ = ω/M¯
.
= 6.67 × 10−6 m−1 and ωˆ = ω¯cˆ .=
2.03 × 103 rad.s−1), where we chose as the representa-
tive value of the black hole mass M¯ = M¯ = 1.48 km.
The constants Gˆ and ˆ0 are the gravitational constant
and the vacuum permitivity expressed in physical units.
Namely, we get B
.
= 8.78× 10−11, corresponding to B¯ =
B/M¯
.
= 5.92 × 10−14 m−1 and Bˆ = B¯cˆ(4piˆ0Gˆ)−1/2 .=
0.207× 106 T.
Of course, as it follows from relation (49), the men-
tioned maximal value of the magnetic field strength can
be reached for another combination of the parameters Q,
k0 and ω for the torus centered at rc = 8. However, these
choices are also limited, as we explain later. For simplic-
ity, in accordance with the possible configuration, we can
afford to assume M = M ′ = M and d′ = d in the bi-
nary system. For a magnetar having radius Rm = 12 km,
which we consider as a representative value, we get the
black hole at the distance d + d′ .= 1370, immersed in
the assumed magnetic field B
.
= 8.78 × 10−11. Here,
the reasonable Newtonian approximation gives the or-
bital period of the binary system and the corresponding
azimuthal linear velocity of the black hole-torus system
relatively to the barycentrum
Pˆ = 2pi
√
(dˆ+ dˆ′)3
Gˆ(Mˆ + Mˆ ′)
, Vˆ =
2pidˆ
Pˆ
(50)
so that Pˆ
.
= 1.11 s and Vˆ
.
= 0.02 cˆ. Now, we have to chose
the angular velocity of the torus ω sufficiently high, so
that the orbital motion of the torus around the black
hole is much faster than the orbital motion of the black
hole around the barycenter to ensure quasi-static mag-
netic field, in which charged matter is circling around
8the black hole. This means that in the black hole sys-
tem, the azimuthal velocity of, e.g., the center of the
equatorial torus vˆ = ωcˆ
√
gφφ/
√−gtt  Vˆ . We return
to this crucial limitation in section III B. Since there is
the limitation by the speed of light, we cannot fully meet
this condition. We can, however, require vˆ > Vˆ . For
our choice ω = 1/100, we get vˆ = 0.08 cˆ. Higher values
of ω thus lead to ultrarelativistic motion, which we do
not consider due to the initial assumptions. As it follows
from relation (49), desiring to include the charge of the
black hole into the electromagnetic interaction so that it
plays nearly the same role as the magnetic field strength,
it must be of order 10−11. The magnitude order of k0 is
then the same as the magnitude order of the magnetic
field strength, i.e., 10−11.
The similar reasoning can be realized in the case of
polar clouds (see right part of Fig. 3). In the case of po-
lar cloud, we chose its angular velocity ω = −1/1000
(corresponding to ω¯
.
= 6.67 × 10−7 m−1 and to ωˆ .=
0.203 × 103 rad.s−1) and we chose the same representa-
tive values of the black hole mass M¯ = M¯. The polar
cloud is constructed in the magnetic field of the strength
B = 10−11 (corresponding to B¯ .= 6.67× 10−15 m−1 and
Bˆ
.
= 23.6 × 103 T) and centered at rc = 5. Due to the
relation
k0 =
−r2c
(rc − 2)(Br3cω − 2Q)
, (51)
following from the condition R(r = rc, θ = 0) = 0, the
charge of the black hole is chosen to be Q
.
= 4.17×10−11
(corresponding to Q¯
.
= 6.15 × 10−8 m and Qˆ .= 7.14 ×
109 C) and the scaling constant is set to be k0 = 10
11.
Here we get the distance between the magnetar and black
hole-torus system d + d′ .= 2825. The related orbital
period and azimuthal linear velocity of the black hole-
torus system relatively to the barycentrum are Pˆ
.
= 3.2 s
and Vˆ
.
= 0.01 cˆ. The azimuthal velocity of the outer edge
of constructed polar cloud in the black hole system is vˆ
.
=
−0.0001 cˆ, corresponding to the chosen ω = −1/1000.
2. Characteristics profiles
Having the center of the torus and the polar cloud set
(having B, Q, k0, ω parameters fixed), it is now very im-
portant to realize that through the last h-parameter, i.e.,
through the additive constant of integration h0, we can
set all the remaining tori space characteristic, the density,
pressure, specific charge, charge density and temperature
profiles, and the total charge, as mentioned above. The
κ parameter influences the profiles of density, pressure,
charge density and also the total charge. In our pre-
sented example of equatorial torus (see left part of Fig.4),
we chose h0 = 0.1134551345 leading to relatively small
torus with the edges in the equatorial plane at rin
.
= 7.985
and rout
.
= 8.015. According to relations (44) - (48), the
matter characterized by Γ = 5/3 and κ = 105 takes the
maximal density ρmax ≈ 10−19 at the center of the torus
(corresponding to ρˆmax ≈ 10 kg.m−3), maximal pres-
sure pmax ≈ 10−27 (corresponding to pˆmax ≈ 1011 Pa),
qs ≈ 109 and the maximal temperature τˆmax ≈ 105 K.
The total charge of the rotating torus, Q ≈ 10−12, being
one order lower in comparison with the test charge of the
black hole, gives rise to the poloidal-like magnetic field of
the strength being roughly Bˆ ≈ 103 T at the edge of the
torus. Such a field is sufficiently weak in accordance with
fundamental assumption of our model, as it is two orders
lower in comparison with the ambient field Bˆ. In the
case of polar cloud (see right part of Fig. 4), we chose
h0 = 0.10313150 leading also to relatively small cloud
with the edges along the axis of symmetry at rin
.
= 4.976
and rout = 5.024. The matter characterized by Γ = 5/3
and κ = 106 leads to ρmax ≈ 10−19 (corresponding to
ρˆmax ≈ 102 kg.m−3), pmax ≈ 10−25 (corresponding to
pˆmax ≈ 1013 Pa), qs ≈ 1010, total charge of the torus
Q ≈ 10−12 and the temperature τˆmax ≈ 106 K.
The chosen parameters κ and h0 in both cases pre-
sented above lead to relatively feasible pressure, density,
specific charge and temperature profiles of the studied
structures; the total charges of the structures are one
order lower in comparison with the charges of consid-
ered black holes. In the case of the equatorial torus, we
keep charge separation in the system - the total charge of
the torus is of the opposite sign in comparison with the
charge of the black hole. In the case of the polar cloud,
this cannot be achieved, because of this unique configura-
tion, which requires the additional repulsive force com-
peting with gravity. By definition within the assumed
model, the centers of equatorial tori and polar clouds cor-
respond to the loci with the maximal pressure, density
and temperature, matching the loci of h-function maxima
according to relations (43), (44), and (47). On the other
hand, the maxima of charge density are shifted from
the centers towards black holes, since the specific charge
distributions are not constant, but descending outwards
black holes, as determined by the choice of the generic
functions (39) and (42).
In both presented cases, the charged structures are rel-
atively tiny as compared to the size of the central black
hole. As we have explained above, we can change the
size of our toroidal structures with the fixed center by
changing (increasing) the values of h0. But this will lead
to the increase of the density and consequently to the
increase of the charge density and total charge, i.e., to
the enhancement of the self-electromagnetic field, which
would violate our fundamental assumption. We can then,
however, decrease the density enough by increasing κ, to
keep the same total charge (and the weak self-field); the
temperature profile remains the same, being independent
on such a change, and increases only with increasing h0.
9FIG. 3: Exemplary equatorial torus (left) and polar cloud (right) presented by means of poloidal sections of the function
h, corresponding to the solutions (37) and (40) of equations (13). The thick curves denote zero-contours of the h-function,
corresponding to the contours of zero equi-pressure and equi-density surfaces, bounding the tiny torus centered in the equatorial
plane (left) and the polar cloud centered on the axis of symmetry. The equatorial torus solution, centered at rc = 8 is
characterized by the parameters B
.
= 8.78 × 10−11, Q = −10−11, k0 = 10−11 ω = 1/100 and h0 = 0.1134551345 leading to
relatively small torus with the edges in the equatorial plane at at rin
.
= 7.985 and rout
.
= 8.015. The polar cloud solution,
centered at rc = 5, then corresponds to the parameters B = 10
−11, Q .= 4.17−11, k0 = 1011, ω = −1/1000 and h0 = 0.10313150,
leading also to relatively small cloud with the edges in the axis of symmetry at rin
.
= 4.976 and rout = 5.024. The matter
characterized in both the cases by Γ = 5/3. The related specific charge and density profiles are illustrated in Fig.4.
B. Problem of static magnetic field and matching
of torus characteristics
As we mentioned above, although the magnetic field of
the magnetar in the assumed distance d+d′ ≈ 103 can be
clearly assumed to be homogeneous within the black hole-
torus system, apparently, it cannot be assumed as static,
since the linear velocities of the circling charged matter
v are not of higher orders in comparison with the circu-
lation V of the binary system. The velocity of the binary
system in the examples presented above almost reaches
the order of speed of light, so that it cannot be overcome
much by speeding up the rotation of the torus. Clearly,
the possible solution of this ‘non-static’ field problem can
be in slowing down the black hole-torus configuration in
the binary system by increasing the size of the binary
system d+ d′ in many orders. Unfortunately, after that,
the ambient magnetic field B, in which the torus will
be immersed, simultaneously weakens. Because of this,
assuming the torus center rc at the same position rela-
tively to the black hole, we have to dramatically increase
the specific charge throughout the torus, which is neces-
sary to keep the same electromagnetic interaction, since
the gravity between the torus and black hole, and in-
ertial (centrifugal) properties remain unchanged. More-
over, technically, according to relation (49) with changed
B, we have to proportionally decrease Q and increase
k0, keeping the same very high ω, which is necessary for
v  V . Having also the same size and density profiles of
the torus, i.e., having the same values of the remaining h0
and κ parameters, this would lead to enormous increase
of the charge density and total charge of the torus, i.e.,
also to strong electromagnetic self-field of the torus.
Thus, the density and size of the torus must be ap-
propriately modified by changing κ and h0. We demon-
strate such modifications in the two following examples
of charged equatorial torus circling around black hole in
the binary system with magnetar in the distance d+d′ .=
13700, i.e., ten times further than in the equatorial torus
presented above, implying now the azimuthal velocity
Vˆ
.
= 0.006 cˆ, being nearly one order lower than in the pre-
vious case. In such a distance, the tori will be constructed
in the magnetic field of the strength B
.
= 8.78 × 10−14,
corresponding to Bˆ
.
= 0.207 × 103T. For a comparison
with the equatorial torus constructed before, we will as-
sume the same position of the torus center at rc = 8, the
same angular velocity ω = 1/100 and polytropic expo-
nent Γ = 5/3. According to the relation (49), now, the
charge of the black must be Q = −10−14 and the scaling
constant must be set to k0 = 10
−14.
1. Density modification through κ-parameter
The problem of the large total charge of the torus can
be solved by increasing the parameter κ in order to de-
crease the density profiles and then, finally, to get rea-
sonable total charge generating weak self-field.
In the example of equatorial torus presented here, we
consider the parameter h0 being the same as in the pre-
vious case, i.e., h0 = 0.1134551345. We also preserve
the torus size and the edges in the equatorial plane at
rin
.
= 7.985 and rout
.
= 8.015. To decrease the density, we
chose κ = 109, which gives ρmax ≈ 10−25 (corresponding
to ρˆmax ≈ 10−5 kg.m−3), pmax ≈ 10−33 (corresponding
to pˆmax ≈ 105 Pa) and qs ≈ 1012. The total charge of the
torus is now Q ≈ 10−15, originating the poloidal mag-
netic field of the strength Bˆ ≈ 1T close to the edge of the
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FIG. 4: Exemplary equatorial torus (top) and polar cloud (low) presented by means of specific charge qs and density ρ profiles
determined by relations (45) and (43), corresponding to the equatorial solution (37) and polar solution (40) for the h-function.
The corresponding h-function contours outside the torus and cloud, and parameters of the solution are given in Fig. 3; the
h-function contours inside the structures are presented in the right column of this figure. The density reach its maximum
ρmax ≈ 10−19 at the center of the equatorial torus rc = 8 for the polytropic coefficient κ = 105; the specific charge descents
outwards from the black hole, being of the order of 109. In the case of polar cloud, we have ρmax ≈ 10−19 in the center rc = 5,
for the chosen coefficient κ = 106, and the specific charge being of the order 1010 throughout the polar cloud.
torus. The temperature profile remains the same as in
the previous case of equatorial torus, i.e., τˆmax ≈ 105K,
being independent on κ. As we can see, the torus here is
diluted enough, generating magnetic field by two orders
lower in comparison with the weak ambient field from the
magnetar considered here (see Fig. 5).
2. Size and density modification through h0-parameter
To solve the problem with large total charge of the
torus, we can also decide to decrease the size of the
torus (having the same position of the center determined
through B, Q, k0 and ω parameters) by decreasing the
parameter h0, while keeping the parameter κ unchanged.
This primarily decrease the size of the torus, and also
slightly the density profiles; consequently the total charge
and the generated self-field can be neglected. We present
here the situation with the polytropic coefficient κ = 105
(the same as in the first presented case of equatorial
torus) and with h0 = 0.11345511319. Thus, we ob-
tain torus smaller then in the previous case, the torus
with the edges in the equatorial plane at rin
.
= 7.999
and rout = 8.001. Here, the maximal values of consid-
ered characteristics reach ρmax ≈ 10−23 (corresponding
to ρˆmax ≈ 10−2 kg.m−3), pmax ≈ 10−33 (corresponding
to pˆmax ≈ 105 Pa) and qs ≈ 1012. The total charge of
the torus is the same as in the previous case Q ≈ 10−15,
generating the field of the strength Bˆ ≈ 10 T at the edge
of the torus. As for the temperature, it decreases due to
decreasing of h parameter, now reaching maximal value
τˆmax ≈ 103 K. Compared to the previous case, the torus
here is not so diluted, but it is still small enough to gen-
erate magnetic field one order lower in comparison with
the magnetic field of distant magnetar (see Fig. 5).
3. Density limit and extension of the structures
The question is, how rarefied matter we can afford
in order to justify the used magneto-hydrodynamic ap-
proach. Usually, the limit for the kinetic approach appli-
cability is the number density up to 1024 m−3. Assuming
particles of proton mass (specific charge qs ≈ 1018), we
get the mass density limit ρˆMHD ' 10−3 kg.m−3. We,
however, assume our fluid not to consist from proton
plasma. The specific charge profiles in our tori (con-
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FIG. 5: Modifications of the exemplary equatorial torus presented in Fig. 4 through the κ-parameter (top) and h0-parameter
(low). The torus is presented through specific charge qs and density ρ profiles determined by relations (45) and (43), corre-
sponding to the equatorial solution (37) for the h-function (with its contours presented in the right column of the figure), with
the parameters rc = 8, B
.
= 8.78× 10−14, Q = 10−14, ω = 1/100, k0 = 10−14 and Γ = 5/3. The profiles illustrated in the top
part of the figure correspond to h0 = 0.1134551345 and κ = 10
9, which yields the maximal density ρmax ≈ 10−25 in the center
of the torus with the edges at rin
.
= 7.985 and rout
.
= 8.015, and the specific charge of the order 1012. The profiles illustrated
in the low part of the figure correspond to h0 = 0.11345511319 and κ = 10
5, giving rise to the maximal density ρmax ≈ 10−23
in the center of the torus with the edges at rin
.
= 7.999 and rout = 8.001, and to the specific charge of the order 10
12.
sidered above and below) are several (from six to nine)
orders lower. But this is an ‘average’ specific charge of
a bulk of particles, which can be presented like, e.g., a
charge particle (of proton mass), bounded by 106 − 109
neutral particles (of neutron mass). To support this sce-
nario, the limit for applicability of our approach must
be thus considered several orders higher than ρˆMHD.
Clearly, the first two examples of charged structures, pre-
sented in the previous subsection, with the density max-
ima 10 kg.m−3 and 102 kg.m−3 safely satisfy this con-
dition. On the other hand, the ones presented in this
subsection, reaching only 10−5 kg.m−3 and 10−2 kg.m−3,
are highly speculative.
In all the four presented examples, we get tiny charged
structures when related to the size of the central black
hole. This is, however, in agreement with the conception
of the rigid rotation of the tori, which can be kept only
over short distances in real systems. On the other hand,
in accordance with our assumption of negligible conduc-
tivity and rigid rotation, we would appreciate higher den-
sities throughout the constructed structures. As it fol-
lows from the discussion above, this is highly conditioned
by the maximal value of the external magnetic field in
which our structures are immersed, i.e., the highest limit
for the magnetic field strength of the magnetar. In our
considerations we assumed the limit Bˆ . 1012 T on its
surface. On the stellar-scale, the relevant objects can be
Anomalous X-ray pulsars, which exhibit episodic bright
bursts and are thought to be young neutron stars with
strong magnetic fields of the order of ∼ 1011 T. It is
expected that the activity is triggered by rearrangement
of the magnetic field, whereas alternative explanations
consider accretion of matter onto a neutron star with
a less-extreme dipole magnetic field of ∼ 108 T, where
the accreting matter originates from a fallback disc or a
cloud around the neutron star when the magnetic field
structure and intensity change.
As mentioned above, the assumptions adopted in our
approach are suitable for low-conductivity medium con-
sisting of electrically charged particles (such as dust par-
ticles) that interact via gravitational as well as electro-
magnetic forces acting on them from the surrounding en-
vironment and the nearby compact star. In this con-
text, fallback accretion discs are expected to form from
the remnant material after a supernova [34]. These have
properties similar to debris discs or asteroid belts and
they are supposed to encircle the neutron star and it
can even trigger its collapse to the black hole when the
12
critical mass is exceeded. Because of significant content
of dust and relatively low temperature in fallback discs,
they are suitable candidates for the structures explored
in the present paper. They should exhibit themselves by
the dust emission in mid- and far-infrared spectral bands,
and in millimeter radio wavelengths [35]. Therefore, by
the mass-scalling properties of accreting compact objects,
similar physics can be applied to vastly different types of
object.
IV. CONCLUSIONS
In this paper, we studied electrically charged toroidal
structures encircling a charged black hole immersed into
an asymptotically homogeneous magnetic field. In con-
trast to the preceding work, considering charged tori
around pure charged black hole, here, the addition of
the ambient magnetic field enriches the background for
the studied structures with possible astrophysical inter-
pretation. Moreover, we imposed the assumption of rigid
(constant angular velocity) rotation of the structures, in-
stead of the previously used constant angular momentum
distribution of the rotating matter. We focused on reg-
ular toroidal structures centered in the equatorial plane
and also on unique structures, referred to as polar clouds,
located around polar axis of the black hole, which is par-
allel to magnetic field lines.
The purpose of this paper is to prove the theoretical
existence of such structures, where the presence of elec-
tric charge is the necessary condition. We have shown
that the charged tori could exist, having relatively feasi-
ble physical characteristics, like pressure, density, charge
density and temperature profiles. For this purpose, we
fixed the background and torus parameters so that the
characteristics of the modeled structures do not deviate
from the generally accepted limits for realistic matter
existence and, simultaneously, do not violate the funda-
mental assumptions of the model - the neglect of the
generated self-fields.
We discussed here only four configurations in details.
But the free parameters in the model enable construction
of very wide spectrum of toroidal configurations, which
can be investigated henceforward. There is also a chal-
lenge to take the spin of the black hole into account, for
now being considered zero. Higher values of this spin pa-
rameter can substantially change the range of achieved
profiles of characteristics throughout the tori. However,
contrary to the fully analytical study applied here, such
an investigation would require a numerical approach.
We found that the density, pressure and tempera-
ture profiles, extension of the constructed tori and po-
lar clouds, and other characteristics highly depend on
the strength of the external magnetic field, into which
such structures are immersed. As we have shown, the
strongest magnetic fields in the universe, the dipole-like
fields in the vicinity of magnetized neutron stars, pro-
vide more or less sufficient fields, even in the distances
far from neutron star, where the magnetic fields can
be considered as homogeneous, over small regions close
to the equatorial planes. However, the equatorial tori
and polar clouds constructed there, orbiting a black hole
companion of the magnetar, are close to their low den-
sity limit. More realistic density profiles would require
stronger magnetic fields, which are present closer to the
magnetized star, where the black hole, as the magnetic
star companion, cannot be located because of the un-
realistic binary system characteristic. This gives rise
to the question, whether the rigidly rotating equatorial
tori and polar clouds can exist directly around the mag-
netized neutron star in its close vicinity, in the strong
dipole-type magnetic field. Detailed study of this kind
is outlined for the future work. Another line of future
investigations concerns the interacting external and self-
electromagnetic fields, under the framework developed in
papers [31, 32].
Appendix: Pressure equations derivation
Within general relativity, motion of charged perfect
fluid is generally described by conservation laws and
Maxwell’s equations
∇βTαβ = 0, (A.1)
∇βFαβ = 4piJα, (A.2)
∇(γFαβ) = 0, (A.3)
where the 4-current density Jα can be expressed in terms
of the charge density q, electrical conductivity σ and
4-velocity Uα of the fluid through Ohm’s law
Jα = qUα + σFαβUβ . (A.4)
The electromagnetic tensor Fαβ = ∇αAβ − ∇βAα here,
being given in terms of the vector potential Aα, describes
the vacuum external electromagnetic field which comes
through the fluid and also the internal electromagnetic
self field of the fluid, and can be written as
Fαβ = FαβEXT + F
αβ
INT. (A.5)
Also the stress-energy tensor Tαβ can be split into two
parts; the matter and electromagnetic parts as
Tαβ = TαβMAT + T
αβ
EM, (A.6)
where
TαβMAT = (+ p)U
αUβ + pgαβ , (A.7)
TαβEM =
1
4pi
(
FαγF
βγ − 1
4
FγδF
γδgαβ
)
. (A.8)
From the conservation law (A.1), by using the stress-
energy tensor decomposition (A.6) and, being aware that
for electromagnetic field, due to Maxwell equations (A.2)
and (A.3), it holds [26]
∇βTαβEM = −FαβJβ , (A.9)
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we get the equation
∇βTαβMAT = FαβJβ , (A.10)
where Jβ is the 4-current density generated by the
charged matter.
However, since the basic assumption of our model is to
consider only the tori being composed from the ‘test mat-
ter’ (from gravitational and also from electromagnetic
point of view), we do not take into account an impact
of electromagnetic field generated by this 4-current. It
means, we have FαβINT  FαβEXT and can write Fαβ =
FαβEXT. Then we obtain from equation (A.10) the final
formula
∇βTαβMAT = FαβEXTJβ . (A.11)
Our model describes the case of charged matter moving
in the azimuthal direction only, i.e., having the 4-velocity
of the form Uα = (U t, Uφ, 0, 0) (which is equivalent to the
condition of zero conductivity throughout the torus, σ =
0), thus, the 4-current Jα given by the Ohm law (A.4)
must have the only non-vanishing spatial component
Jφ = qUφ. (A.12)
Assuming now an axially symmetric and stationary back-
ground with the axis of symmetry aligned with the torus
symmetry axis, from formula (A.11), we directly obtain
two non-linear partial differential equations (3) for the
pressure p throughout the torus. Finally, note that since
the electromagnetic field FαβEXT is prescribed in our sce-
nario, we do not solve Maxwell’s equations (A.2) here.
More details related to the model of charged perfect fluid
can be found in the paper [25].
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